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^t.AFFINITY OF FORMAL MODELS OF FLAG VARIETIES 


CHRISTINE HUYGHE, DEEPAM PATEL, TOBIAS SCHMIDT, AND MATTHIAS STRAUCH 

Abstract. Let G be a split reductive group over a finite extension L of Qp and let 
G = G{L). In this paper we prove that formal models X of the flag variety of G are 
k Q-afhne for certain sheaves of arithmetic differential operators q. Given a G- 
equivariant system !F of formal models X, we deduce that the category of admissible 
locally analytic G-representations with trivial central character is naturally equivalent 
to a full subcategory of the category of G-equivariant ^-modules on the projective 
limit Xoo = Xoo(J^) of this system of formal models. When T is cofinal in the system of 
all formal models, the space Xoo(J^) can be identified with the adic flag variety of G. 
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1. Introduction 

Let L/Qp be a finite extension with ring of integers o = 0 ^. In [TH] we have introduced 
certain sheaves of differential operators q on a family of semistable models Xn of the 
projective line and have shown that Xn is Q-affine. In this paper we generalize this 
approach to (not necessarily semistable) formal models of general flag varieties of split 
reductive groups. So let Gq be a reductive group scheme over o with generic fibre G. 
Denote by X”® the rigid analytic space attached to the flag variety of G. We consider a 
formal model X of which we assume to be an admissible blow-up of a smooth formal 
model Xq. On such a model X we introduce certain sheaves of differential operators ^ q, 
for k ^ kx, where kx is a non-negative integer depending on X. Our first main result is 
then 

Theorem 1. For all k ^ kx the formal scheme X is ^-affine. 

This means that the global sections functor furnishes an equivalence of categories between 
coherent modules over ^ q and finitely presented modules over the ring H^{X, ^x,k,Q) 

(cf. [1],[H], [9] for the classical setting). It is shown that iL°(X, ^ q) can be identified 
with a central reduction of Emerton’s analytic distribution algebra 'D^'^{G{k)°) of the wide 
open rigid analytic k^'^ congruence subgroup of Go, cf. [10]. 

As in ra our main motivation for this result concerns locally analytic representations. 
The category of admissible locally analytic representations of the p-adic group G := G(L)0 
with trivial infinitesimal character 6q is anti-equivalent to the category of coadmissible 
modules over D{G) 0 f^, the central reduction of the locally L-analytic distribution algebra 
of G at ^o- Oh the geometric side, we consider a projective system X of formal models 
X. We assume that each model in this system is an admissible blow-up of some smooth 
formal model of X”®, and that the system X is equipped with an action of G. Then we 
can form the limit of the sheaves ^ q and obtain a sheaf of (infinite order) differential 

operators on Xqo = Xoo(X') = lim^X. In this situation, the localization functors for 
the various X assemble to a functor from the coadmissible modules over D{G)g^ 

into the G-equivariant ^^Q-modules on Xqq. As in [IB] we tentatively call its essential 
image the coadmissible (equivariant) Q-modules. We then obtain 

Theorem 2. The functors ^ocl^ and H^{Xas, ■) o,re quasi-inverse equivalences between 
the categories of coadmissible D{G) 0 Q-modules and coadmissible equivariant ^-modules. 

When the projective system X is cofinal in the system of all formal models of X”®, then 
Xoo = Xoo(X') is the Zariski-Riemann space attached to W'®. The latter space is in turn 


^considered as a locally L-analytic group 
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isomorphic (as a ringed space, after inverting p on the structure sheaf) to the adic space 
attached to cf. [TU] . 

With Theorem 1 as key ingredient, the proof of Theorem 2 is a straightforward general¬ 
ization of the GL 2 -case treated in [18], but we give all the details. 

In this paper we only treat the case of the central character 6*o, but there is an extension 
of this theorem available for characters more general than 9q by using twisted versions of 
the sheaves Moreover, the construction of the sheaf carries over to general 

smooth rigid (or adic) spaces over L. We will discuss these addenda in a sequel paper. 

We would also like to mention that K. Ardakov and S. Wadsley are developing a theory of 
P-modules on general rigid spaces, cf. n. 0- In their work they consider deformations 
of the sheaves of crystalline differential differential operators (as in [3]), whereas we take 
as a starting point deformations of Berthelot’s rings of arithmetic differential operators. 
Insight from prior studies of logarithmic arithmetic differential operators (cf. [T7], [TB] i 
suggested to consider these latter deformations, because their global sections turned out 
to be (central reductions of) the analytic distribution algebras mentioned above. 

Notation. L denotes a finite extension of Qp, with ring of integers o and uniformizer zu. 
We put 6 = Spf(o) and S = Spec(o). Let q denote the cardinality of the residue field 
o/{w) which we also denote by Fg. Gq denotes a split reductive group scheme over o and 
Bq c Go a Borel subgroup scheme. The Lie algebra of Gq is denoted by Qo. For any 
scheme X over o, we denote by Tx its relative tangent sheaf. A coherent sheaf of ideals 
X c Ox is called open if it contains a power zu^Ox- A scheme which arises from blowing 
up an open ideal sheaf on X will be called an admissible blow-up of X. We always denote 
by X the completion of X along its special fiber. 

2. The sheaves and 

2.1. Definitions. In this section, Xq denotes a smooth iS-scheme, and Xq its formal 
completion. Let pr : A —> Xq be an admissible blow-up of the scheme Xq, defined by a 
sheaf of ideals X, containing vj^ and X be the formal completion of X. For any integer 
k N, and m a fixed positive integer, we will define a p-adically complete sheaf of 
arithmetic differential operators over the non-smooth formal scheme X. To achieve 

this construction, we will first define a sheaf of differential operators 'D^xl ^ every 
k-^ N. 

The scheme Xq being a smooth F-scheme, one can use the sheaves of arithmetic differential 
operators of Berthelot defined in [5] . In particular, for a fixed m e N, X>^^ will denote the 
sheaf of differential operators over Xq of level m. The usual sheaf of differential operators 
(EGA IV) over Xq will be denoted by Vx^- 

Let be a smooth affine open scheme of Xq endowed with coordinates Xi,..., and if 
its formal completion. One denotes di the derivation relative to xi, e !?[/ defined by 
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= dp, and finally 




Here, denotes the quotient of the euclidean division of by p^. For (z/i,..., i^jv) s 
let us dehne d^ = Restricted to U, the sheaf is a 

sheaf of free Of/-algebras, with basis the elements 

Following [18], given two positive integers, k, m, one introduces the subsheaves of algebras 
'D^Xok ('^esp. of differential operators of congruence level k, which are locally free 

algebras (resp. O^^-algebras), with basis the elements meaning that 


V 


(m) 

Xo,k 


iU) = 



Let m be a hxed non negative integer, if z/ is a non negative integer, one denotes by q the 
quotient of the euclidean division of v by p™'. Let ^ z/' be two nonnegative integers and 
v" ■.= V — u', then we introduce for the corresponding numbers q, q' and q" the following 
notation 


We also dehne 


g! 

q'\q"\ 





lim (X) Q. 


As explained in [IH], these sheaves of rings have the same hniteness properties as the 
usual sheaves of Berthelot (corresponding to A; = 0). In particular, over an affine smooth 
scheme Uq there is an equivalence of categories between the coherent modules and 

the hnite type modules over the algebra F(f/o, for every A: ^ 0. 

Let us now explain how to construct the desired sheaves over X. Imitating 2.3.5 of [S], 
if we can prove that Ox can be endowed with a structure of pr'^P^^^-module, then the 

sheaf of (9x-cnodules, pr*F>^^^, will be a sheaf of rings over Ox- In order to prove this, 
we need the following proposition. 


Proposition 2.1.1. Let k ^ N. Then the sheaf of rings Ox can be endowed with a 
structure of pi^^V^x^j^-module, such that the map pi~^OxQ Ox is pr~^V^fPji^-linear. 

Proof. It is enough to prove the statement in the case where Xq is affine, say Xq = SpecA. 
Denote then / = F(Xo,X), which contains , and B the A-graded algebra B = Sym^ I, 
B = 0„ /n (meaning that equals as an abelian group so that X = Proj B. Let 
A e an homogeneous element of degree d > 0 of R, and i?[l/A]o the algebra of degree 
0-elements in the localization B[l/t]. It is enough to prove that R[l/A]o can be endowed 
with a structure of D^^^(Xo)-module. We can even assume that Xq is affine endowed 
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with local coordinates xi,... ,xn- In this case, we let which can be 

described in the following way 

Let us observe that the algebra i? is a subgraded algebra of A^T], Indeed, there is a 
graded ring morphism 

B —^^ Al[T] 



X, 


e L 


XnT^‘ 


We can identify Spec A[T] with Y = and consider pr 2 : Y Xq. By copying the 
classical proof, one can check that pr^^P^|^ is a subsheaf of the sheaf as sheaf of 

rings. Let Ut be the affine open set of Y where ip{t) is nonzero, and Ct = TiUt^Oy)- 
By ffatness of localization, there is an injective map i?o[l/t] c Ct- Moreover, Ct and 
yl[r] are r(y, pj^^j-modules and thus D^^'^-modules. Take P s and a e A, then 

P{aT'^) = P{a)T^. This shows that the action of over A[T] is graded. 

To prove that i?o[l/t] is a -module, we will hrst prove that S is a D^^^-submodule of 
A[T] and then that i?o[l/t] is a D[,™'^-submodule of Ct- The fact that the dehned actions 
will be compatible with the action of over A, will come from the fact that this is 
true for the action of over A\T^. 

Let us prove now that 5 is a D^^'^-submodule of ^[T]. To avoid too heavy notations, we 
identify B (resp. Bt) with their image into A\T^ (resp. Ct) via ip. The ideal / is trivially 
stable by the action of A by left multiplication, and A = Jq is certainly a D^™^-module. 
Recall that the algebra is generated by the operators for all Pt < p™'. Since 

/c ^ A^, it is clear that if Pi ^ 1, c AT c IT, since the action of 

over v4[T] is graded, so that we can dehne an action of : R —> R. 

We next prove by induction on d that Id is stable by the action of Let 


X 




Let Pi^ 1 and Pt < p™, then one computes 


f-Ii 

by O 2.2.4(iv)]. By induction, we know that ■ ■ ■ yb) ^ h-i, 

implies that 




w 


Nui 


[X 


£ Id 


that 
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It remains now to prove that i?[l/t]o is a D^^^-submodule of Ct- We have to check the 
following statement 

(2.1.1) Vp, < Vc G N, Vp G he. (I) G Bo[l/t]. 

Let us hrst prove by induction on Ui that 

hid 




tVi + 1 ' 


This is true for r',; = 0. Consider then the formula 

Pi + 1 


„=n I ^ J 


By induction on z/j, one knows that for any integer p < /Vj, 

1 




JhI, 


fUi+2 

which proves our claim. Applying this claim to gives for p < p™ 


l{ui + l)d 




^ fide 




Then, we have the following formula 




whose right-hand terms are contained in 

I fide 




and this completes the proof of l2.1.1l and the proposition. 
From this, we deduce as in 2.3.5 of [5] the following. 


□ 


Corollary 2.1.2. Under the hypothesis of the section, for k ^ N, the sheaf pi*k 
a sheaf of rings over X. 

This allows us to introduce the following sheaves of rings over the admissible blow-up X 
of Xo 

= htEPh&xJjh and ^q = lim (x) Q. 

i m 

We abbreviate V^xl := pr*P^^^ in the following. 
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2.2. Finiteness properties of the sheaves 'D^xl- keep here the hypothesis of the 
beginning of the section. For a given natural number /c ^ 0 we let 

fx,k ■= w^{Y>^y{Txo)- 

Lemma 2.2.1. (i) Tx,k is a locally free Ox-module of rank equal to the relative dimension 
of Xq over S , 

(a) Suppose TT : X' ^ X is a morphism of admissible blow-ups of Xq. Let k', k ^ 0. One 
has 


fx',k' = ^^'-^^yfx,k) 

as subsheaves of 7x' ® L. 

Proof. The assertion (i) follows directly from the dehnition. The assertion (ii) follows 

since tt is a morphism over Xq. □ 

We also have 

Proposition 2.2.2. (i) The sheaves are filtered by the order of differential op¬ 

erators and there is a canonical isomorphism of graded sheaves of algebras 

^ ^ d^O 

(a) There is a basis of the topology PS of X, consisting of open affine subsets, such 
that for any U s PS, the ring is noetherian. In particular, the sheaf of 

rings coherent. 

(Hi) The sheaf is coherent. 

Proof. Denote by the sheaf of differential operators of P^x^^ of order less than d. 

It is straightforward that we have an exact sequence of Oxo-modules on Xq 


(2.2.3) 


P 


(m) 

XQ,k\d—\ 


p 


(m) 

XQ,k;d 




0 . 


Now we apply pr* and get an exact sequence since Sym'^(73s:p,fc)^”*^ is a free Oxo-module 
of hnite rank. This gives (i). As we work with quasi-coherent sheaves of Ox-modules, 
it is enough to show that P^fyl{U) is noetherian in the case where U = pr“^(17o), and 
Uq c Xq has some coordinates Xi, ... ,xx- In this case one has the following description 

= |s I ^ C>x(0) 



By (i), the graded algebra giP^xl,{U) is isomorphic to Sym0(^)(7x,fc(17))(”*\ which is 
known to be noetherian [T^ Prop. 1.3.6]. This gives the noetherianity of the algebras 
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As ^ we may take the set of open subsets of X that are contained in some 
pr“^(t/o), for some open Uq c Xq endowed with global coordinates. We hnally note 
that, since the sheaf is (!?x-quasicoherent and has noetherian sections of over open 
affines, it is actually a sheaf of coherent rings [HI 3.1.3(i)]. The last assertion is a direct 
consequence of (ii), as in [5]. We do not redo the proof here. □ 

From these considerations, we give theorems A and B for affine schemes X, whose proofs 
follows readily by the proofs given by Berthelot in [5]. 

Proposition 2.2.4. Let U ^ X he an affine suhscheme of X, if its formal eompletion. 

(i) The algebra r(f/, is noetherian and the functorT{U ,.) establishes an equiva¬ 
lence of categories between coherent -modules and finite -modules. 

(ii) The algebra r(if, is noetherian and the functor T {ii, .) establishes an equiva¬ 

lence of categories between coherent -modules and finite r(il, ^^)-modules. 

3. Formal models of flag varieties 

From now on Xq denotes the smooth flag scheme Gq/Bq of Gq and Xq denotes its p-adic 
completion. 

3.1. Congruence group schemes. We let G{k) denote the /c-th scheme-theoretic con¬ 
gruence subgroup of the group scheme Gq [201 1.], [211 2.8]. So G(0) = Gq and G{k 1) 
equals the dilatation (in the sense of [3 3.2]) of the trivial subgroup of G(A:)(x)pFq on G{k). 
In particular, if G{k) = Spec o[fi, ...,fAr] with a set of parameters f for the unit section 
of G{k), then G{k -I- 1) = Spec o[G,^]. The o-group scheme G{k) is again smooth, 
has Lie algebra equal to zu^gg and its generic hbre coincides with the generic hbre of Gq. 

3.2. A very ample line bundle on X. Let pr : A ^ Xq be an admissible blow-up, 
and let X c Xq be the ideal sheaf that is blown up. Since X is open, there is A e Z>o 
such that 

(3.2.1) p^Ox,<^X<^Ox,. 

Put S = 0)^>qX^, then X is glued together from schemes Proj(iS(17)) for affine open 
subsets U X. On each Proj(»S(17)) there is an invertible sheaf 0{1), and these glue 
together to give an invertible sheaf 0{1) on X which we will denote Ox/Xo{^) (cf- the 
discussion in [121 ch. II,§7].) This invertible sheaf is in fact the inverse image ideal sheaf 
pr“^(X) ■ Ox-, cf. [121 ch. II, 7.13]. From I3.2T] conclude that 


(3.2.2) 


p^Ox c Ox/Vo(1) c Ox and Ox c Ox/Xo{-^) ^ p ^Ox ■ 
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And for any r ^ 0 we get 

(3.2.3) p^^Ox^Oxix,{l)^ ^Ox and Ox ^ Ox/x,{-l)^ ^ Ox . 


Lemma 3.2.4. Suppose X is normal. Let X' he the blow-up of a coherent open ideal on 
X and let pi ■. X' ^ X he the blow-up morphism. Then (pr);|,(C>x') = Ox- 

Proof. The morphism pr : X' ^ X is a birational projective morphism of noetherian 
integral schemes. The assertion then follows exactly as in the proof of Zariski’s Main 
Theorem as given in [121 ch. Ill, Cor. 11.4]. □ 

Lemma 3.2.5. There is oq e Z>o such that the line bundle 

(3.2.6) Cx = OxjXoiX) {pxo{,ciQ)^ 

on X is very ample over Spec(o), and it is very ample over Xq. 

Proof. By [121 ch. II, ex. 7.14 (b)], the sheaf 

(3.2.7) C = Ox/x,{^)0Pt*(OxM) 

is very ample on X over Spec(o) for suitable Qq > 0. We £x such an oq. By [HI 4.4.10 
(v)] it is then also very ample over Xq. □ 

Lemma 3.2.8. Suppose n ■. X' ^ X is a morphism of admissible blow-ups of Xq. 

(i) In the case x^Ox' = Ox, one has 


Tx,k = ^x^{Tx',k') 

as sub sheaves of Tx® L. 

(a) There is a Ox-Hnear surjection Ox ®o '^^0o ^ 'Tx,k- 

Proof. The assertion (i) follows from (ii) of the previous lemma 12.2.11 together with the 
projection formula. Finally, (ii) follows from [HI 1.6.1] by applying tt*. □. 


Proposition 3.2.9. In the case x^Ox' = Ox, one has tt* 

Proof. The sheaves P^x^k d locally free of hnite rank, and so are the sheaves 
by construction. We can thus apply the projection formula and get 
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(m) \ 

X',k-4) 


^X,k-,d ■ 


The claim follows because the direct image commutes with inductive limits on a noetherian 
space. 

□ 


3.2.10. Twisting by Lx- Recall the very ample line bundle Lx from [T2751 In the 
following we will always use this line bundle to ’twist’ Ox-modules. If is a Ox-module 
and r e Z we thus put 


J{r) = L^ . 


Some caveat is in order when we deal with sheaves which are equipped with both a left 
and a right Ox-module structure (which may not coincide). For instance, if Td = T^^xl-d 
then we let 


Mr) - 9"%, 

Rm) 


r) — V^ l.d (S)Ox ) 


where we consider iFd = as a right Ox-module. Similarly we put 




where we consider as a right Ox-module. Then we have T>^^l{r) = lim^ iLdir)- When 
we consider the associated graded sheaf of T)^^l{r), it is with respect to the hltration by 
the The sheaf is a coherent left O^^-module according to part (iii) of 


iron 


3.3. Global sections of and 

3.3.1. Divided power enveloping algebras. We denote by {G{k)) the distribution 
algebra of the smooth o-group scheme G{k) of level m [H]. It is noetherian and admits 
the following explicit description. Let go = © to © Ro be a triangular decomposition of 

00 - We £x basis elements (/*), (hj) and (e*) of the o-modules Ro',to and Up respectively. 
Then D^'^\G{k)) equals the o-subalgebra of U{q) = U{Qo)G)oL generated by the elements 


(3.3.2) 


(m) 




''i" 


In the case of the group GL 2 we considered the same algebra in [18]. We denote by 
D^"^\G{k)) the p-adic completion of D^"^\G{k)). It is noetherian. 








^t-AFFINITY OF FORMAL MODELS OF FLAG VARIETIES 


11 


Proposition 3.3.3. There is a canonical homomorphism of o-algebras 
(3,3.4) : D<'“>(G(fc)) ^ H\X, , 


Proof. Recall that a filtered o-algebra (or sheaf of such algebras) A with positive hltration 
FiA and o c FqA yields the graded subring R(A) := Qi^gFiAP c of the polynomial 
ring over A, its associated Rees ring. Specialising R{A) in an element A e o yields a 
hltered subring Ax of A. For hxed A, the formation of Ax is functorial in A. We apply 
this remark to the hltered homomorphism 

Dl”)(G(0)) ^ 

appearing in [Ml 4.4.4] (and denoted by Qm in loc.cit.) which comes by functoriality from 
the G(0)-action on Xq. Passing to Rees rings and specialising the parameter in yields 
a hltered homomorphism 

Taking global sections and using = iir°(Xo, bv 13.2.91 yields a homo¬ 

morphism 

: £><”)(G(fc)) ^ H0(X,9^1) 

as claimed. □ 

Let = Ox ®o with the twisted ring multiplication coming from the 

action of {G{k)) on Ox via Q^^l- It has a natural hltration whose associated graded 

equals the C>x-algebra Ox Go Sym*'™'^(Lie(G(/c))) [IH Cor. 4.4.6]. In particular, has 
noetherian sections over open afhnes. 

Proposition 3.3.5. The homomorphism A^xl. ^‘‘^duced by is surjective. In 

particular, T)^^l has noetherian sections over open affines. 

Proof. We adapt the argument of [T4l 4.4.7.2(ii)]: The homomorphism is hltered. Apply¬ 
ing Sym*'™'^ to the surjection in (iv) of l3.2.8l we obtain a surjection C?x'8)oSym*'”‘^(Lie(G(/c)) - 
Sym^™^(7x,fc) which equals the associated graded homomorphism bv 13.2.91 Hence the ho¬ 
momorphism is surjective as claimed. □ 

Proposition 3.3.6. Let A4 be a coherent A^^l-module. 

(u) There is a surjection 9'^l{—r9^ —• M of W'^l-modules for suitable r,s^0. 

(Hi) For any i ^ 0 the group H\X,Ai) is a finitely generated D^'^\G{k))-module. 
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(iv) The ring is a finitely generated D^'^\Q{k))-module and hence noether- 

ian. 

Proof. The points (i)-(iii) follow exactly as in [HI A.2.6.1]. Statement (iv) is a special 
case of (iii) by 13.3.51 □ 

Now let be the p-adic completion of T)^xli which we will always consider as a sheaf 
on the formal scheme j£. We also pnt Q, and 

(3-3.7) = 

m 

and 


(3-3-8) ^X,k,iQ ~ ^X,k Q — lh5^i,A;!iQ • 

m 

We denote by the qnotient of D^'^\G{k))®Q modulo the ideal generated 

by the center of the ring U{q) [H A.2.1]. This is the same central reduction considered 
in ra for the group GL 2 . 

In the proposition below, and in the remainder of this paper, certain rigid analytic ‘wide 
open’ groups G(/c)° will be used repeatedly. To dehne them, consider hrst the formal 
completion ©(/c) be of the group scheme G{k) along its special hber, which is a formal 
group scheme (of topologically hnite type) over © = Spf(o). Then let (5{k)° be the 
completion of &{k) along its unit section & ^{k), and denote by G{k)° its associated 

rigid space. 


Proposition 3.3.9. (i) There is a basis of the topology ii of X, consisting of open affine 
subsets, such that for any U e ii, the ring H^{U, is noetherian. 

(a) The transition map is flat. 

(iii) The sheaf of rings ^xkQ coherent. 

(iv) The homomorphism Q^xl if^duces an algebra isomorphism 


(v) The ring H^{X, is canonically isomorphic to the coherent L-algebra 

V-^(G{kr)e„ where 'D^'^{G{k)°) is the analytic distribution algebra in the sense of Emer- 
ton, cf. [1^ ch. 5]. 


Proof, (i) This follows from [5l 3.3.4(i)] together with 13.3.^ 
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(ii) This can be proved as in [5l sec. 3.5]. 

(iii) Follows from (i) and (ii). 

(iv) This follows from statement (iv) in 13.3.61 together with [TTl Lem. A. 3]. 

(v) Follows from (iv) and the description of the analytic distribntion algebra as given in 

[Tnl ch. 5], compare also [HI Prop. 5.2.1]. □ 

4. Localization on X via 

The general line of arguments follows fairly closely [15]. As usual, pr : A ^ Xq denotes 
an admissible blow-up of Xq. The number A: ^ 0 is hxed throughout this section and 
chosen large enough so that the sheaf of coherent rings 'D^xl dehned for all m. 

4.1. Cohomology of coherent T>^]-modules. 

Lemma 4.1.1. Let £ he an abelian sheaf on X. For all i > dim A one has LA*(A, £) = 0. 

Proof. Since the space A is noetherian the result follows from Grothendieck’s vanishing 
theorem [H] Thm. 2.7]. □ 

Proposition 4.1.2. There is a natural number tq such that for all r ^ ro and all i ^ 1 
one has 

(4.1.3) (X,gr(®y>)(r)) =0. 


Proof. Since Cx is very ample over o bv l3.2.51 the Serre theorems [IH 11.5.17/III.5.2] imply 
that there is a number uq such that for all u ^ uq the module Ox {u) is generated by global 
sections and has no higher cohomology. After this remark we prove the proposition along 
the lines of m Prop. 2.2.1]. There is an (Pxo-linear surjection ((Pxo)®“ Txo for a 
suitable natural number a. Applying (pr)* and multiplication by zu^ gives an C>x-hnear 
surjection (C>x)®“ — zu'‘{Ox)®°‘ 'Tx,k- By functoriality we get a surjective morphism of 
algebras 

C := Sym((C>^)®“)(™) — Sjm{fx,kY^\ 

The target of this map equals gr according to 13.2.91 It therefore suffices to prove 

the following: given a coherent C-module £, there is a number tq such that for all r ^ tq 
and z ^ 1, one has P[^{X,£{r)) = 0. To start with, A is noetherian, hence £ is quasi- 
coherent and so equals the union over its C^-coherent submodules £i. Since £ is C- 
coherent and C has noetherian sections over open affines [T^ 1.3.6], there is a C-linear 
surjection C <S>Ox Choose a number sq such that £i{—so) is generated by global 

sections. We obtain a (Tx-Hnear surjection Cx(so)®““ £i for a number oq. This yields 
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a C-linear surjection 


Co := C(so)®““ — C. 


The (9x-module Co is graded and each homogeneous component equals a sum of copies 
of Ox{so)- It follows that W{X,Co{r) = 0 for all r uq — Sq and all i ^ 1. The rest of 
the argument proceeds now as in [T51 2.2.1]. □ 


Corollary 4.1.4. Let tq he the number occuring in the preceding proposition. For all 
r ^ rQ and all i ^ 1 one has 


(4.1,5) 


H' {xFLF)) = 0 . 


Proof. For d ^ 0 we let Xd = T^^xl d' consider the exact sequence 

(4.1.6) 0 ^ T,., ^ ^ gr, (AS) - 0 


(where := 0) from which we deduce the exact sequence 
(4,1,7) 0 ^ JFi_i(r) ^ Ti(r) - gr, (©«) (r) ^ 0 


because tensoring with a line bundle is an exact functor. Since cohomology commutes 
with direct sums, we have for all r ^ tq and z ^ 1 that 

//‘(Vgr„ (®S) (’■)) = 0 

according to the preceding proposition. Using the sequence 14.1.71 we can then deduce by 
induction on d that for all r ^ Tq and z ^ 1 

W{X,Xd{r)) = 0. 

Because cohomology commutes with inductive limits on a noetherian scheme we obtain 
the asserted vanishing result. □ 

Proposition 4.1.8. Let S be a coherent F^^l-module. 

(i) There is a number r = r{£) s Z and s e ond an epimorphism of'D^^\-modules 
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(a) There is ri{£) e Z such that for all r ^ and all i > 0 

w(x,S{r)'j = 0 . 

Proof, (i) As X is a noetherian scheme, £ is the inductive limit of its coherent subsheaves. 
There is thus a coherent (9x-submodule X c f which generates as a 'D^^-module, i.e., 
an epimorphism of sheaves 


where T>^^1 is considered with its right Ox-module structure. Next, there is r > 0 such 
that the sheaf 


j-(r) = Cf 

is generated by its global sections. Hence there is s > 0 and an epimorphism •^(^)) 

and thus an epimorphism of Ox-modules 


(Ox(-r))®*^X. 


From this morphism we get an epimorphism of O^^-modules 


{Ox{-r)r 


©s 


Urn) 


X.k 

©s 


Urn) 


£ . 


(ii) Consider for z ^ 1 the following assertion (oj): for any coherent O^^-module £, there 
is a number ri{£) such that for all r ^ Fj(T) and all i ^ j one has H^{X, £(r)) = 0. For 
i > dimX the assertion holds, cf. 14.1.11 Suppose the statement (uj+i) holds. Using (i) 
we hnd an epimorphism of O^^-modules 

/! : Co (©g(S(,))®‘ £ 

for numbers sq e Z and s ^ 0. Bv l3.2.9[ the kernel 7Z = ker(/3) is a coherent O^^-module. 
Recall the number rg of the preceding corollary. For any r ^ max(ro — Sg, r^+l(7^)) we 
have the exact sequence 


0 = H\X,Co(r)) — H\X,£{r)) — W+\X,n{r)) = 0 


which shows H^{X,£{r)) = 0 for these r. So we may take as ri{£) any of these r which is 
larger than rj+i(T) and obtain the statement (oj). In particular, (ui) holds which proves 
(ii). □ 
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Proposition 4.1.9. (i) Fix r e "L. There is C 2 = C 2 (r) s Z^o such that for all i > 0 the 
cohomology group W{X,V^ff'l{r)) is annihilated by 

(a) Let £ be a coherent V^ffl-module. There is C 3 = C 2 ,{£) e Z^q such that for all i > 0 
the cohomology group W{X,£) is annihilated by p^^. 

Proof, (i) Since the blow-up morphism pr : X ^ Xq becomes an isomorphism over 
Xq Xp L any coherent module over T>^xl. ® Q induces a coherent module over the sheaf 
of usual differential operators on Xq Xp L. By [1] we conclude that the global section 
functor on X is exact for coherent ® Q-modules. In particular, the cohomology 
group H\X,V^^l{r)) is p-torsion. To see that the torsion is bounded, we deduce from 
13.3.51 that V^xkir) is a coherent module over A^x\- According to 13.3.61 H\X,&^l{r)) is 
therefore hnitely generated over This implies the claim. 

(ii) We consider for any i ^ 1 the following assertion (oj): for any coherent P^^-module 
£, there is a number ri{£) such that the groups H^{X,£),i < j are all annihilated by 
pni£)_ Pqj, i ^ dimX the assertion holds, cf. 14.1.11 Let us assume ( 0 ^+ 1 ) holds and 
consider an arbitrary coherent 'P^^-module £. Acccording to 14.1.81 we have a 'D^^-linear 
surjection 

£0 vTtirf — £ 

for numbers r e Z and s ^ 0. Let £' be the kernel. We have an exact sequence 

H\X,£o) -A H\X,£) 4 W+^{X,£'). 

Then pA'>') annihilates the image of i according to (i) and annihilates the image of 

5 according to (aj+i). So we may take as ri{£) any number greater than the maximum of 
rj+i(£’) and C 2 (r) -f rj+i(£’') and obtain the statement (a*). In particuar, (oi) holds which 
proves (ii). □ 

4.2. Cohomology of coherent modules. We denote by Xj the reduction of X 

modulo p^+h 

Proposition 4.2.1. Let £ be a coherent V^^l-module on X and £ = \im.£/p>^^£ its 
p-adic completion, which we consider as a sheaf on X. 

(i) For all i^ 0 one has H^{X, £) = lim ^. TT* {Xj, £lpp^^£). 

(ii) For all i > 0 one has W{X, £) = H^{X, £). 

(ill) E^{X,£) = \^^E^{X,£)lpP^^E^{X,£). 

Proof. Put £j = £lpf^^£. Let £t be the subsheaf dehned by 
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EtiU) = , 


where the right hand side denotes the group of torsion elements in £{U). This is indeed 
a sheaf (and not only a presheaf) because X is a noetherian space. Furthermore, £t is a 
P^^-submodule of £. Because the sheaf noetherian rings of sections over open 

affine subsets of X, cf. 13.2.91 the submodule £t is a coherent 'D^^-module. £t is thus 
generated by a coherent (T^-submodule T oi £t- The submodule T is annihilated by a 
fixed power jf- of p, and so is £t. Put Q = E/Et-, which is again a coherent 'D^^-module. 
Using IT71.91 we can then assume, after possibly replacing c by a larger number, that 


(a) p’^Et = 0 , 

(h) for all i > 0 : f) = 0 , 

(c) for alH > 0 : p'^W {X, G) = 0 . 

From here on the proof of the proposition is exactly as in [T 8 l 4.2.1]. □ 

Proposition 4.2.2. Let S’ be a coherent -module. 

(i) There is ri{S) s Z such that for all r ^ there is s s Z^o o.nd an epimorphism 

of -modules 

(ii) There is r 2 (S) s Z such that for all r ^ r 2 {S) and all i > 0 

w(x,S{r)^ = 0 . 

Proof, (i) Because S is a coherent .^^"^^-module, and because H^{U, is a noetherian 

ring for all open affine subsets U c X, cf. 13.3.91 the torsion submodule St S is again a 
coherent .^^™^-module. As X is quasi-compact, there is c e Zj-o such that p^St = 0. Put 
^ = S jSt and ^ jp^ ■ For j ^ c one has an exact sequence 

0 ^ ^0 ^ 0 . 

We note that the sheaf is a coherent module over We view X as a closed 

subset of X and denote the closed embedding temporarily by i. Because the canonical 
map of sheaves of rings 


V 


(m) 

X.k! 


'pm - 


amivs. 


'X,k 


(4.2.3) 
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is an isomorphism, can be considered a coherent P^]-module via this isomorphism. 
Hence we can apply HXHlto and deduce that there is r 2 (%) such that for all r ^ r 2 {^o) 

one has 

The canonical maps 

(4.2.4) ^,+i(r)) — S,{r)) 


are thus surjective for r ^ 'r 2 (^o) and j ^ c. Similarly, is a coherent module over 

™ particular a coherent P^]-module. By 14.1.81 there is ri(^c) such 
that for every r ^ ri{S’c) there is s e Z^q and a surjection 

A : ^ €(.r) . 

Let ri((^) = max{r 2 (i^o))and assume from now on that r ^ Li((f). Let Ci,... ,6^ 
be the standard basis of the domain of A, and use 14.2.41 to lift each X{et), 1 < f < s, to 
an element of 


j 

bv 14.2.11 (i). But S‘{r) = ^(r), and = ^, as follows from [5l 3.2.3 (v)]. This dehnes a 
morphism 


- ^(r) 

which is surjective because, modulo p^, it is a surjective morphism of sheaves coming from 
coherent ^^^l-modvles by reduction modulo p^^ cf. [5l 3.2.2 (ii)]. 

(ii) We deduce from 14.1.^ and |T2T] that for alH > 0 

- 0 , 

whenever r ^ tq, where tq is as in 13.2.51 Since the sheaf is coherent, cf. 13.3.91 and 
X is a noetherian space of hnite dimension, the statement in (ii) can now be deduced by 
descending induction on i exactly as in the proof of part (ii) of 14.1.81 □ 




















^t-AFFINITY OF FORMAL MODELS OF FLAG VARIETIES 


19 


Proposition 4.2.5. Let S’ be a coherent -module. 

(i) There is c = c(S) e Z^q such that for all i > 0 the cohomology group is 

annihilated by p'^. 

(%i) S) = lim. S)fp>H%X, S). 

Proof, (i) Let r e Z. By 14.2.11 we have for i > 0 that 

and this is annihilated by a hnite power of p, by 14.1.91 The proof now proceeds by 
descending induction exactly as in the proof of part (ii) of 14.1.91 

(ii) Let St S he the subsheaf of torsion elements and ^ = SjSt. Then the discussion in 
the beginning of the proof of l4.2.1l shows that there is c e such that p^St = 0. Part (i) 
gives that p^H^{X, S) = p^H^{X,^) = 0, after possibly increasing c. Now we can apply 
the same reasoning as in the proof of l4.2.1l (hi) to conclude that assertion (ii) is true. □ 

4.2.6. Let Coh(^^”^^) (resp. Coh(^^”^^Q)) be the category of coherent -modules 
(resp. .^^™^Q-modules). Let Coh(.^^™^)Q be the category of coherent ^^™^-modules up 
to isogeny. We recall that this means that Coh(.^^™^)Q has the same class of objects as 
and for any two objects At and J\f one has 

AA) (x)^ Q . 

Proposition 4.2.7. (i) The functor M. •—> AIq = At(x)gQ induces an eguivalence between 

CohiSpX “"rf Coh(flg„). 

(ii) For every coherent ^^-module there is m ^ 0 and a coherent ^-module 
.Mm and an isomorphism of ^ ^-modules 

^ k O * -M . 

.^x,k,Q 

If {m', Mm', £') is another such triple, then there is i ^ max{m,m'} and an isomorphism 
of 3tx\ q-fnodules 
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Proof, (i) This is [HI 3.4.5]. Note that the sheaf satisfies the conditions in [HI 3.4.1], 
by 13.3.91 We point ont that the formal scheme T” in [HI sec. 3.4] is not snpposed to be 
smooth over a discrete valnation ring, bnt only locally noetherian, cf. [HI sec. 3.3]. 

(ii) This is [HI 3.6.2]. In this reference the formal scheme is snpposed to be noetherian 
and qnasi-separated, bnt not necessarily smooth over a discrete valnation ring. □ 

Theorem 4.2.8. Let S' be a coherent i^^-module (resp. i^-module). 

(i) There is r(S) s Z such that for all r ^ r{S) there is s e Z^q epimorphism of 

^-modules (resp. ^-modules) 

(ii) For all i > 0 one has S) = 0. 

Proof, (a) We first show both assertions (i) and (ii) for a coherent ^^™^Q-module S. By 

14.2.71 (i) there is a coherent ^^^^-rnodnle ^ snch that Q = ^. We nse 14.2.21 to hnd 
for every r ^ ri(.^) a snrjection 






5 


for some s (depending on r). Tensoring with Q gives then the desired snrjection onto S. 
Hence assertion (i). Fnrthermore, for i > 0 


H\X,S) = H\X,^) (x)zQ = 0, 


by 14.2.51 and this proves (ii). 

(b) Now snppose S is a coherent V^. ^ ^-module. By 14.2.71 (ii) there is m ^ 0 and a 
coherent module Sm over and an isomorphism of ^ Q-modules 





(m) 


X.k.Q 


Sm 


S . 


Now use what we have just shown for Sm in (a) and get the sought for surjection after 
tensoring with ^^kQ- This proves the first assertion. We have 





'■'9. 


(m) 

X,k,Q 




lim ^S,Q 


S(m) 

X.k,i 


<S’m 


lim Si 

(.^m 


where Si = 




g(m) S^ 
X,k,Q 


is a coherent Q-module. Then we have for i > 0 
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S) = lim (ff) = 0 , 

i^m 


by part (a). And this proves assertion (ii). 


□ 


4.3. A is ^^™^|Q-afRne and ^^^Q-afRne. 

Proposition 4.3.1. (i) Let S be a coherent i^-module. Then S is generated by its 

global sections as ^-module. Furthermore, S has a resolution by finite free 
modules. 


(ii) Let S be a coherent ^\ j^ iQ-module. Then S’ is generated by its global sections as 
Q-modix/e. H^{X,S) is a H^{X, -module of finite presentation. Furthermore, 

S has a resolution by finite free ^ ^^-modules. 


Proof, (i) Using I4I278] it remains to see that any ^^™^Q-module of type S>^i^Q{—r) admits 
a linear surjection ^ suitable s ^ 0. We argue as in [131 5.1]. 

Let M := iL°(A,r)), a finitely generated Zl*^™')(G(A:))-module bv 13.3.61 Consider 
the linear map of P^^-modules equal to the composite 




^X,k 




K M - 


where the first map is the surjection induced by the map Q^xl appearing in 13.3.31 Let 8 
be the cokernel of the composite map. Since is noetherian, the source of the 

map is coherent and hence 8 is coherent. Moreover, £ ® Q = 0 since 'L>^^l{—r) (x) Q is 
generated by global sections [1]. All in all, there is i with p^8 = 0. Now choose a linear 
surjection (Zl*^™')(G(/c)))®^ ^ M. We obtain the exact sequence of coherent modules 

(gW)®. ^ ^ ^ 0, 

Passing to p-adic completions (which is exact in our situation [5l 3.2]) and inverting p 
yields the linear surjection 

This shows (i). 


(ii) This follows from (i) exactly as in [13]. □ 

4.3.2. The functors FSoc^^l and FSoc\^. Let G be a finitely generated H^{X, 
module (resp. a finitely presented Tr°(A:, q)- module). Then we let ^oc^^l{E) (resp. 

SSoc^^f,{E)) be the sheaf on X associated to the presheaf 
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U ^ E (’^esp. U 


-'H0{X,9l 


') -i 

k,Q) 


^x,k,( 




'hO{xM 


X,k,^ 


E) 


It is obvious that (resp. is a functor from the category of hnitely gener¬ 
ated ^^™^Q)-modules (resp. finitely presented ^ Q)-modules) to the cate¬ 
gory of sheaves of modules over (resp. 


Theorem 4.3.3. (i) The functors T^oSxk (resp. and H^) are quasi¬ 
inverse equivalences between the categories of finitely generated H^{X, -modules 

and coherent q-modules (resp. finitely presented H^{X, j^q)-modules and coherent 
^xx'^-^^dules). 

(a) The functor X^oc^^il (resp. X^oc^k) exact functor. 

Proof. The proofs of [T^ 5.2.1, 5.2.3] for the first and the second assertion, respectively, 
carry over word for word. □ 

5. Localization of representations of G(L) 

5.1. Modules over P®'“(G(/c)°)6Iq. Let as before X be the p-adic completion of an admis¬ 
sible blow up X of Xq. We recall that the algebra H^{X, canonically isomorphic 

to the coherent L-algebra cf. 13.3.91 According to [ISl Lem. 5.2.1] the al¬ 

gebras 'D‘^^{G{k)°) and 'D‘^^{G{k)°)gQ are compact type algebras with noetherian dehning 
Banach algebras in the sense of loc.cit. 

In the following we extend some notions appearing in [181 5.2] to the more general situation 
considered here. We consider the locally L-analytic compact group Go = Go(o) with its 
series of congruence subgroups Gk+i = G{k)°{L). The group Gq acts by translations 
on the space G^*'®(Go,A') of continuous iL-valued functions. Following [101 (5-3)] let 
D{G{k)°, Go) be the strong dual of the space of G(n)°-analytic vectors 

D{G{ky,Go) := (G^*«(Go,i^)G(fcp-an)6 • 

It is a locally convex topological L-algebra naturally isomorphic to the crossed product 
of the ring V^'^{G{k)°) with the finite group Go/Gk+i- In particular. 


(5.1.1) D{G{ky, Go) = ®gsGo/G,,,V^\G{ky) * 5, 

is a hnitely generated free topological module over T>^'^{G{ky). Denoting by G^^{Go,K) 
the space of JL-valued locally analytic functions and dualizing the isomorphism 
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hmC^^\Go,K)Gikr-,n C^^{Go,K) 

k 

yields an isomorphism of topological algebras 

D(G'o) ^lmD(G(A:)°,G'o) . 

k 

This is the weak Frechet-Stein structure on the locally analytic distribution algebra 
D{Go) as introduced by Emerton in [lOl Prop. 5.3.1]. In an obviously similar man¬ 
ner, we may construct the ring D{G!{k)°,G q)qq and obtain an isomorphism D{Go) 0 q 

lim^D{Gikr,Go)e,. 


We consider an admissible locally analytic Go-representation V, its coadmissible module 
M := Vj,' and its subspace of G(/c)°-analytic vectors VG(fc)o-an ^ V- The latter subspace is 
naturally a nuclear Frechet space [101 Lem. 6.1.6] and we let (Vb(fc)°-an)f, be its strong dual. 
It is a space of compact type and a topological D{G{k)°, Go)-module which is hnitely gen¬ 
erated [ini Lem. 6.1.13]. According to [101 Thm. 6.1.20] the modules := (VG(fc)°-an)^ 
form a {D{G{k)°,Go))ken-sequence, in the sense of m Def. 1.3.8], for the coadmissible 
module M relative to the weak Frechet-Stein structure on D{Gq). This implies that one 
has 

(5.1.2) Mfc = D{G{kr, Go)(^DiGo)M 

as Go)-modules for any k. Here, the completed tensor product is understood in 

the sense of [TOl Lem. 1.2.3], as in [T8] . 

Lemma 5.1.3. (i) The D{G{k)°,G q)- module is finitely presented. 

(a) There are natural isomorphisms 

D{G{k — 1)°, Go) G)D{G(k)°,Go) Tffc —> Mk_i. 

Proof. This can be proved exactly as [TSl Lem. 5.2.4]. □ 

Remark: These results have obvious analogues when the character dg is involved. 

5.2. Go-equivariance and the functor JPoc]^. A p-adic completion X of an admissible 
blow-up X of Xq will be called an admissible formal blow-up of Xq. We note here that any 
formal scheme X which is obtained from Xq by blowing-up a coherent open ideal on Xq 
is an admissible blow-up in this sense. Indeed, if X c Xq is the ideal which is blown-up, 
then X n Oxq is a coherent open ideal on Xq. Blowing-up this ideal on Xg and completing 
p-adically gives back X. 
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If the coherent open ideal X c Xq that is blown-up is Go-stable, then there is an induced 
Go-action on X and X. In this case, we will say that X and X are Go-stable. In the 
following we suppose that k is large enough for X, so that the sheaf ^ q is dehned on 

X. 

Proposition 5.2.1. Let tt : X' ^ X be a morphism between admissible formal blow-ups of 
Xo which is an isomorphism on corresponding rigid analytic spaces. If is a coherent 
k! q-module, then = 0 for j > 0. Moreover, q = fc'Q’ 

induces an exact functor between coherent modules over q and q respectively. 

Proof. We denote the associated rigid analytic space of X by Xq. Coherent modules over 
Xq are equivalent to coherent modules over Gr,Q [3 4.1.3] and similarly for X'. This 
implies i?-^7r*Gx',Q = 0 for j > 0 and 7r*Gr',iQ = In particular, there is iV ^ 0 such 

that p^W71,1:0X' = 0 for j > 0 and such that the kernel and cokernel of the natural map 
Ox ^*Ox' are killed by p^. For any i ^ 0, let Xi be the reduction of X mod and 
similarly for XI and denote by 7\i : X[ —> Xi the morphism induced by tt. For any i we 
have then p^Wni^Oxi = 0 for j > 0 and such that the kernel and cokernel of the natural 
map Oxi T^i*Ox'. are killed by p^. We now prove the assertions. According to 14.3.11 
the module .JI' is generated by global sections. Induction on j reduces us therefore to 
the case = ^xi q- Since commutes with inductive limits, it suffices to prove 

the claim for q- Abbreviate for similarly for X'. Then 

^ t)y 13.2.91 and the projection formula implies 

R^T^i.V^Xlk' = ® R^T^i.Oxp 

We see for any z ^ 0 that 

p^wxi^v^;^}^ = 0 

for all j > 0 and that the natural map 

TT 

has kernel and cokernel killed by p^. Taking inverse limits over z, arguing as in 14.2.11 and 
hnally inverting p yields the hrst claim and fc' q = k' q- ^ 

5.2.2. If X is Go-stable, then there is an induced (left) action of Gq on the sheaf ^IkQ- 
Given g e Gq and a local section s of ^ q, there is thus a local section g.s of ^ q. We 
can then consider the abelian category Coh(.^^ ^ q, Gq) of (left) Go-equivariant coherent 
Q-modules. Furthermore, the group G^+i is contained in X>“(G(/c)°) as a set of delta 
distributions, and for h e Gk+i we write 6h for its image in H^{X, ^x,k,Q) = 'R^’^{^{k)°)eo- 

For g € Gq, h e G^+i, we have g.6h = dg^g-i, and for a local section s of have 

then the relation 
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(5.2.3) 


g.{s6h) = {g.s){g.6h) = {g.s)Sghg-i ■ 


Suppose now that tt : X' ^ is a Go-equivariant morphism between admissible formal 
blow-ups of Xo which is an isomorphism on corresponding rigid analytic spaces and that 
k' ^ k are sufficiently large. According to 15.2.11 there is then a natural morphism of 
sheaves of rings 


(5.2.4) 


71 . 






^X,k,i 


which is Go-equivariant. Given a coherent ^-module the module 

’ * X',k',Q 

is Go-equivariant via g.{s®m) = {g.s)®{g.m) for local sections s, m and g e Gq. Consider 
its submodule TZx locally generated by all elements s6h<^m—s(S){h.m) for h e Gk'- Because 
of 15. 2. 31 the submodule TZx is Go-stable. We put 










X',k'X 




/ T^x ■ 


5.2.5. We let X = G/B be the flag variety of G and denote by 

X := 


the associated adic space. For simplicity, an admissible formal blow-up X of Xq will be 
called a formal model for X over Xq. This set of formal models is a projective system 
if it is indexed by the directed family of coherent open ideals on Xq, cf. [HI 9.3]. Any 
morphism in the projective system is an isomorphism on corresponding rigid analytic 
spaces. Given a subsystem X of this projective system, we will denote the corresponding 
projective limit by Xoo(X') = limX or simply Xqq. In the following we will work relative 
to such a hxed system X. A family of congruence levels for TF is an increasing family k 
of natural numbers k = kx for each X e A (increasing means that k' k whenever there 
is a morphism X' ^ X in A). In the following, we hx such a family k with the additional 
property that the sheaf ^x,kx,Q dehned for each X e A. We hnally assume that all 
models in TF are Go-stable and that all morphisms in TF are Go-equivariant. 


Proposition 5.2.6. If TF equals the set of all Go-equivariant formal models of X over Xq, 
then Xoo = X. 

Proof. According to [19] it suffices to see that any admissible formal blow-up X of Xo is 
dominated by one which is Go-stable. If X is the ideal which is blown-up and if p^Oxg c X 
for some k, then Gk ■= G(/c)(o) stabilizes X and I' := I ■ Ox- Let gi, ..■,gN he a system 
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of representatives for Gq/Gu and let J be the product of the finitely many ideals gil'. 
Then J is Go-stable and blowing-up J" on X yields a Go-stable model over X. □ 

Definition 5.2.7. A Go-equivariant coadmissible module on Xqo consists of a family ^ : = 
{^x)xeT of objects ^ Coh(^^Q, Go) together with isomorphisms 

(5.2.8) ^X,k,Q Gu ^x 

of Go-equivariant Q-modules whenever there is a morphism X' ^ X in X”. The 
isomorphisms are required to satisfy the obvious transitivity condition whenever there 
are morphisms X" ^ X' ^ X in X. 

A morphism ^ ^ between two such modules consists of morphisms ^x in 

Coh(.^^ ^ Q, Go) compatible with the isomorphisms above. 

Let ^ be a Go-equivariant coadmissible module on Xqo. The isomorphisms 15.2^ induce 
morphisms ^ -^x having global sections H^{X',^x') ^x)- We let 

X°(Xoo,.^) := \imH^{X,^x) • 

A 

5.2.9. On the other hand, we consider the category of coadmissible X(Go)eo-modules. 
Given such a module M we have its associated admissible locally analytic Go-representation 
V = Ml together with its subspace of G(/c)°-analytic vectors VG(fc)°-an- The latter is stable 
under the Go-action and its dual := (VG(fc)o-an)^ is a finitely presented D{G{k)°, Go)eo- 
module, cf. 15.1.31 Now consider a model X in X and let k = kx- According to Thm. 14.3.31 
we have the coherent ^ Q-module 

on X. Using the contragredient Go-action on the dual space Mk, we put 

g.{s (X) m) := {g.s) (x) {g.m) 

for g e Go, m e and a local section s. In this way, ^^{Mk) becomes an object of 

Coh(»f,,j,G„). 

Proposition 5.2.10. (i) The family forms a Go-equivariant coadmissible 

module on Xqo. Call it ^oc\M). The formation of ^oc\M) is functorial in M. 

(ii) The functors 5£o(^ and ■) are quasi-inverse equivalences between the categories 

of coadmissible D{Go) 0 ^-modules and Go-equivariant coadmissible modules on Xqo. 
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Proof. Assume k' ^ k. We let H := Gk+i/Gk'+i and we denote a system of representatives 
in Gk+i for the cosets in H by the same symbol. For simplicity, we abbreviate in this 
proof 


D{k) := V^\G{ky)e, and D{k, Go) := D{G{k)°, Go)eo 

and similarly for k'. We have the natural inclusion D{k) D{k,Go) from I5.1TT] which 
is compatible with variation in k. Now suppose M is a D{k', G'o)-Laodule. We then have 
the free D(A:)-module on a basis em,h indexed by the elements {m,h) of the 

set M X H. Its formation is functorial in M: if M' is another module and f : M ^ M' 
a linear map, then em,h ^f(m),h induces a linear map between the corresponding free 
modules. The free module comes with a linear map 

/m : - D{k) (g)D(k') M 


given by 


®{m,h)^m,h('m,h ' ^ ® "RI ^m,h ® (h ’ TTl) 

for Xm,h £ D{k) where we consider M a module via the inclusion D{k') D{k\ Go). 

The map is visibly functorial in M and gives rise to the sequence of linear maps 

D{k)®^^^ Am ^ ™ ®Dik',Go) M — 0 

where the second map is induced from the inclusion D{k') D{k',Go). The sequence is 

functorial in M, since so are both occuring maps. 

Claim 1: If M is a finitely presented D{k', Go) -module, then the above sequence is exact. 
Proof. This can be proved as in the proof of [HI Prop. 5.3.5]. □ 

Let TT : j£' ^ j£ be a morphism in IF and let k = kx,k' = kx'- 

Claim 2: Suppose M is a finitely presented D{k')-module and let := The 

natural morphism 


®D(k') M) > ^X,k,Q j., ^ 

is bijective. 

Proof. The functor is exact on coherent y Q-modules according to 15.2.11 Choosing 
a hnite presentation of M reduces to the case M = D{k') which is obvious. □ 

Now let M be a hnitely presented D{k', G'o)-Lnodule. Let rui,..., be generators for M 
as a Zl(A:')-module. We have a sequence of Zl(/c)-modules 
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0 D{k)em^,h D{k) (x)b(,.) M D{k, Go) (S)Dik',Go) M — 0 

i,h 

where denotes the restriction of the map /m to the free submodule of D{k)®^^^ 
generated by the hnitely many vectors 6^^,/!, z = 1,..., r, /i e Since im(/j^) = im(/M) 
the sequence is exact by the hrst claim. Since it consists of hnitely presented D{k)- 
modules, we may apply the exact functor to it. By the second claim, we get an 

exact sequence 


(^X,fc,Q 


^©r|R| 


t 

A,fc,( 






x'.fe'.c 


^o) ®D(fc',Go) M) 


0 


where ^ = ^oc\, The cokernel of the hrst map in this sequence equals by 

dehnition 


^X,k (Hi ® 


TTjfSl. 


X',k’, 


yGy 




whence an isomorphism 

^X,k,Q ® 7 rH=^^, y 71^^ > ^OC^^ j^{D{k, Go) (S)D{k',Go) ^) ■ 

This implies both parts of the proposition. □ 

5.2.11. Denote the canonical projection map ^oo ^ ^ by sp^ for each X. We dehne the 
following sheaf of rings on Xqo- Assume V c Xqq is an open subset of the form spj^^(17) 
with an open subset f/ c X for a model X. We have that 

sp^,(l/) = 7 r~\U) 

for any blow-up morphism tt : X' ^ X in X" and so, in particular, sp^/(D) c X' is an open 
subset for such X'. Moreover, 


TT ^(sp^/(D)) = sp^„{V) 

whenever tt : X" ^ X' is a blow-up morphism over X in X". In this situation, the morphism 
15.2.41 induces the ring homomorphism 


(5.2.12) 




and we form the projective limit 
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over all these maps. The open subsets of the form V form a basis for the topology on 
^00 and is a presheaf on this basis. We denote the associated sheaf on Xqo by the 

symbol as well. It is a Go-equivariant sheaf of rings on Xoc- 

Remark: In the case where consists of all Go-stable formal models of X over Xq, we 
have Xrv^ = X bv 15.2.61 and we denote the sheaf q bv (or simply it). 

5.2.13. Suppose ^ := {^x)x is a Go-equivariant coadmissible module on Xoo as dehned 
in 15.2.71 The isomorphisms 15.2.81 induce Go-equivariant maps which are 

linear relative to the morphism 15.2.41 In a completely analogous manner as above, we 
obtain a sheaf ^oo on Xqq. It is a Go-equivariant (left) module on Xqq whose 

formation is functorial in 

Proposition 5.2.14. The functor ^ ./^oo from Go-equivariant coadmissible modules 

on Xoo to Go-equivariant ^-modules is a fully faithful embedding. 

Proof. We have sp;;£(Xoo) = X for all X. The global sections of are therefore equal to 

r(Xoo,-#oo) = limr(X, Ji^x) = Tf°(Xoo,.v#) 

X 

in the notation of the previous section. Thus, the functor .ifoc^ o r(Xoo, —) is a left 
quasi-inverse according to Prop. 15.2.101 □ 

We denote by the composite of the functor .ifoc^ with (■)oo, i.e. 

{ coadmissible D{Go)eo — modules } { Gq — equivariant — modules }. 

It is fully faithful. We tentatively call its essential image the coadmissible Go-equivariant 
Q-modules. It is an abelian category. In the case where Xqo equals the whole adic flag 
variety X we write for the functor 

5.3. G-equivariance and the main theorem. Let G := G{L). Denote by B the (semi¬ 
simple) Bruhat-Tits building of the p-adic group G together with its natural G-action. 

5.3.1. To each special vertex v e B we have the associated smooth affine Bruhat-Tits 
group scheme Gy over o and a smooth model Xo(n) of the flag variety of G. All construc¬ 
tions in sections [3Jl4] are associated with the group scheme Go with vertex, say vo, but 
can be done canonically for any other of the reductive group schemes G^. We distinguish 
the various constructions from each other by adding the corresponding vertex v to them, 
i.e. we write X(v) for an admissible blow-up of the smooth model Xo(n) and so on. We 
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then choose a subset T{v) of models over Xo(t) for X as in the preceding subsection, but 
relative to the vertex v. We assume that one of these subsets, say the one belonging to 
Pq, is stable under admissible blowing-up. According to [6], any X(t) e e B is 

then dominated by an element from X'(po)- As before, we denote the projective limit over 
J-'(po) by Xoo- According to the previous subsection, we have the Go-equivariant sheaf 
on Xoo. 

An element g ^ G induces a morphism A’o(n) XQ(gv) which satisfies (gh). = (g.) o (/i.) 
and 1. = id for g,h e G. If X{v) A’o(n) is an admissible blowing up of an ideal 
X c Ao(n), then the universal property of blowing-up induces an isomorphism X{v) A-> 
X{gv) onto the blowing-up of X^^gv) at the ideal g.X. We make the assumption that our 
union of models is G-stable in the sense that 

J(^;) e jr^v) X{gv) e X{gv) 

for any X(t) e X{v) and any g ^ G. We also assume that kx(v) = kx{gv) in this situation. 
We obtain thus a G-action on Xoq. By definition of this action, there is an equality 

(5-3.2) 

in X{gv) foigeG and V c Xqo. 

Proposition 5.3.3. The Go-equivariant structure on the sheaf extends to a G- 

equivariant structure. 

Proof. Let g ^ G. The isomorphism X(t) X.{gv) induces a ring isomorphism 

( 5 - 3 - 4 ) 

for any open subset U c X{v) where k = kx(v)- In particular, for an open subset V c Xqo 
of the form V = with U c X{v) open and a blow-up morphism X'{v) — > X{v), 

this gives a ring homomorphism 


(5.3.5) ■^l/(„),A;',Q(®PT'(-y)(^)) * ^X'{gv),k',iJy9-^Vx'{v){^)) ^X'{gv),k',iJX9x.'{gv){9'^)) 

where we have used 15.3."^ and where k' = kxgv)- A given morphism n : X{v') X(t) with 
X(n') e X'(t') and X{v) e X{v) which is an isomorphism on corresponding rigid analytic 
spaces induces a morphism of sheaves of rings 




X{v'),k',i 


(5.3.6) 


d 

X(v),k',Q 


d 

X{v),k,Q 




^t-AFFINITY OF FORMAL MODELS OF FLAG VARIETIES 


31 


bv l5.2.1[ Here, k = kx{v) and k' = kx{v')- Given V c Xqo of the form V = with 

an open set U c X(h), the morphism 15.3.61 induces a ring homomorphism 

(5.3.7) (^)) = (^)) ^ ^l(.),fc,Q(sPAW (^)) 

whenever the morphism tt : X{v') ^(n) lies over X(h). If we write X(t') ^ ^(n) 

in this situation, then the family of all models X(f) over X{v) becomes directed, the 
^x{v) fc q(®Px(d)(^)) become a projective system and we may form the projective limit 

lifU ^l(.),fc,Q(sPA(.)(^)) • 

Xiv)^X{v) 

By cohnality, this projective limit equals Since the homomorphism 15.3.51 is 

compatible with varying X'{v') in the directed family, we deduce for a given g s G a. ring 
homomorphism 


X(v) X{gv) 

It implies that the sheaf is G-equivariant. It is clear from the construction that the 
G-equivariant structure extends the Go-structure. □ 

A coadmissible Go-equivariant Q-module whose equivariant structure extends to the 
full group G, will simply be called a coadmissible G-equivariant Q-module. 

Theorem 5.3.8. The functors Xifocl^ and r(Xoo,-) are quasi-inverse equivalences be¬ 
tween the categories of coadmissible D{Go)oQ-modules and coadmissible Go-equivariant 
S>1^ Q-modules. The subcategories of coadmissible D{G)QQ-modules and coadmissible G- 
equivariant ^-modules correspond to each other. 

Proof. We only need to show the second statement. It is clear that a coadmissible D{Go)eQ- 
module which comes from a coadmissible G-equivariant Q-module is a T)(G)ep-module. 
For the converse, we consider a special vertex v e B and a model X(t) and the correspond¬ 
ing localisation functor ■=^0Cx(D)fcQ (where k = kx{v)) which is an equivalence between 

hnitely presented iP“”(G^(/i:)°)0o-modules and coherent ^ Q-modules on X(f). Here, 
denotes as before the reductive Bruhat-Tits group scheme over o associated with the 
special vertex v. The adjoint action of G on its Lie algebra induces a ring isomorphism 


( 5 . 3 . 9 ) 


D‘^^{G^{ky) ^ D“^(Gg^(fc)°) 
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for any g ^ G. Now consider a coadmissible D(G) 0 g-niodule M with dual space V = M'. 
We have the family {^xiv))x{v) where 

and Mk,v = (VG„(fc)°-an)^ with k = kx{v)- Let g ^ G. The map m i—> gm on M induces a 
map Mk^v Mk^gv which is linear relative to 15.3.91 We therefore have for any open subset 
U ^ X{v) a. homomorphism 


•^^X{v)iU') > •^^X(gv)ig-U) 


which is induced by the map 


s (X) m t—> (g.s) (X) gm . 

for s e ^x{v) k ^^ where g. is the ring isomorphism 15.3.^ In particular, 

for an open subset V c Xqo of the form V = with U c X{v) open, this gives a 

homomorphism for 

(5.3.10) ‘^X(v){sp^{v)iV)) ^ ‘^X(gv){g-SPx{v)iV)) = ‘^X(gv){sp^(gv)i9V)) 
which is linear relative to the ring homomorphism 15.3.51 

A given morphism tt : X(t') ^ ^(p) with X(n') e and X(n) e J^{v) which is an 

isomorphism on corresponding rigid analytic spaces induces a morphism 

(5.3.11) '^^^''^x{v^) ^ ^'^x{v) 

compatible with the morphism of rings [57T6] as follows. First of all, one has an isomor¬ 
phism 

Indeed, is exact by 15.2.11 and we may argue with hnite presentations as usually. More¬ 
over, we have inclusions G^/(A:') c G^i^k) and thus 

LG„(fc)°—an — Lg„/(A:')°—an • 

The dual map Myy —> „ is linear relative to the natural inclusion 


D^^{G^>{k')°) D“"(G^(A:)°) . 
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The latter inclusion is compatible with the morphism of rings 15.3.61 via taking global 
sections. Hence, we have a morphism 15.3.111 as claimed. We now have everything at 
hand to follow the arguments in the proof of the preceding proposition word for word 
and to conclude that the projective limit has a G-action which extends its Go- 
action and which makes it a G-equivariant Q-module. This completes the proof of the 

theorem. □ 

We hnally look at the special case of the whole adic flag variety X with its sheaf of inhnite 
order differential operators cf. 15.2.111 Recall the functor from the end of 

o 

Theorem 5.3.12. Let X be the adic analytic flag variety of G with its sheaf S>in of 

infinite order differential operators. The functors T£o(^x and r(A’,-) are quasi-inverse 
equivalences between the categories of coadmissible D{Go)eo-modules and coadmissible Gq- 
equivariant ^-modules. The subcateqories of coadmissible D{G)e^-modules and coad¬ 
missible G-equivariant Q-modules correspond to each other. 

Proof. Taking each T{v) to be the set of all equivariant formal models, we obtain jCqo = df 
according to 15.2.61 and the result follows from the preceding theorem. □ 
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